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Recently, graphene has been studied extensively as a promising material for future
high-performance electronics. Dimensionally-conﬁned graphene nanostructures are building
blocks of devices and the carrier-phonon interactions in these device structures are frequently
critical to their electronic properties. For a two-dimensional conﬁned graphene nanosheet
with orthogonal in-plane boundaries along armchair and zigzag edge, the conﬁned carrier
and optical phonon states are determined. The electron-longitudinal optical (LO)-phonon
interactions in these graphene quantum dots are studied by the optical deformation potential
theory. Phonon bottleneck eﬀects are found for general graphene quantum dots. CarrierLO-phonon scattering events are allowed only for graphene quantum dots with certain sizes;
Fermi golden rule transition rates are evaluated approximately for cases where the dot dimensions are such that transitions are allowed.
PACS numbers: 63.22.Rc, 72.80.Vp, 73.22.Pr

I. INTRODUCTION

Graphene is a promising material for next-generation electronic devices as a result
of its unique electronics properties [1–3], including high carrier mobility. Both carrier and
phonon states need to be carefully considered in conﬁned graphene nanostructures, such as
nanoribbons [4–7] and quantum dots [8, 9]. At high temperature, carrier-phonon scattering
dominates the carrier transport in moderately doped unconﬁned graphene samples [5, 10].
Thus, in order to provide a basis for both graphene-based electronics as well as modeling
phonon modes and carrier-phonon interactions in graphene-based nanostructures, conﬁned
carrier states and conﬁned long-wavelength phonon modes are considered herein for twodimensional conﬁned graphene nanostructures. For graphene conﬁned in two dimensions,
phonon bottleneck eﬀects are found in this work. Forward or backward carrier-phonon
scattering depends strongly on the dimensions of the graphene nanostructures and are
calculated using Fermi’s golden rule. These results are obtained by quantum conﬁnement
eﬀects included using previous models for graphene-based structures [4, 7, 11–14].
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FIG. 1: (a) Rectangular graphene quantum dot model in inﬁnite barriers, where ﬁlled and open
circles are two sets of sublattice A and B, a and b are unit vectors, and dot line rhombic is the unit
cell. (b) The reciprocal lattice, phonon of qx and qy is considered around the Γ point, while carrier
of kx and ky is considered near K and K′ point.

II. THEORY

The rectangular graphene quantum dot (RGQD) model is given as Figure 1. The
graphene nanosheet are conﬁned with two externally deﬁned orthogonal boundaries along
the zigzag (ZZ) and armchair (AC) edges, which are referred as the x- and y-axis with
M units and N units, respectively. The boundaries are treated as inﬁnite barriers in the
extreme quantum limit. Sublattice A (ﬁlled circles) are sublattice B (open circles) lie
separately on ZZ edge(and both
on AC edges. The length of the ZZ edge, LZZ , is M a, and
)√
1
3
the AC edge, LAC , is N +
a, where a = 2.46 Å is the nearest distance between the
3
2
two carbon atoms in the same sublattice. In Figure 1(b) is the reciprocal lattice, where the
length of nearest neighbor inequivalent Dirac points KK ′ is K0 = 4π/3a. The K point is
(K0 , 0), and the K′ point is (−K0 , 0). Carrier states are considered near K and K′ points,
while the phonon states are considered around the zone center, Γ point.
II-1. Double Quantized Carrier States in RGQD
The carrier states in RGQD are studied by the eﬀective mass approximation [4, 15],
which is reasonable to be adopted since we are interested in the low-energy carrier states
near the K and K′ Dirac points. The total wavefunction of the sublattice A and B is written

544

as

OPTICAL PHONON MODES IN RECTANGULAR GRAPHENE . . .


ΨA (r)

= eiK·r ψA (r) + eiK ·r ψA (r)

Ψ (r)
B

= eiK·r ψB (r) + eiK ·r ψB (r)
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′

′

(1)

The Dirac Hamiltonian around the Dirac point K and K′ in momentum space ignoring the
intervalley scattering [2] is given as
(
)
(
)
0
kx − i ky
0
kx + i ky
′
HK = h̄νF
and HK = h̄νF
(2)
kx + i ky
0
kx − i ky
0
√
where νF = 3at/2 ≈ 106 m/s is the Fermi velocity at the Dirac points, t(≈ 2.8 eV) is the
nearest-neighbor hopping energy [1], and kx and ky are the small wavevector
√ √ perturbations
3ta
from K or K′ point. The carrier energy is given as ε = ±h̄νF |k| = ±
kx2 + ky2 , where
2
+ is for electrons and − for holes. The K and K′ valleys contribute independently to
the conductivity when the intervalley scattering is neglected. The hard wall boundary
conditions are applied for ZZ edge and AC edge [4, 5]. For the sake of convenience, only
the carrier states near K point are considered for solution.
For ZZ edge along the x axis, the boundary conditions (located at y = 0 and y = LAC )
are given as ΨA (y = 0) = 0 and ΨB (y = LAC ) = 0, and for AC edge along the y axis, the
boundary conditions (located at x = 0 and x = LZZ ) are given as ΨA (x = 0) = ΨA (x =
LZZ ) = 0 and ΨB (x = 0) = ΨB (x = LZZ ) = 0. Solve the Dirac equation, the solutions are
given as


ψA = Zeikx x sin(ky y)
ψB = Zeikx x sin(θk + ky y)
and
(3)
ψ ′ = −Ze−ikx x sin(k y)
ψ ′ = −Ze−ikx x sin(θ + k y)
y
y
k
A
B
where θk = arctan(ky /kx ), kx and ky around the K point need to satisfy
{
(K0 + kx )LZZ = mk π
θk + ky LAC
= nk π

(4)

where mk and nk are integers showing the nature of quantized
states. Z is the normalization
∫
[
] 1
2
2
′
constant determined by the normalization condition of dr ψA,B (r) + ψA,B
(r)
= ,
2
and it is given as
[
]−1/2 [
]−1/2
LZZ
LZZ
Z = 2LZZ LAC +
sin(2θk )
= 2LZZ LAC −
sin(2LAC ky )
ky
ky

(5)

which depends on both the electron states and the dimensions of the 2D-conﬁned graphene
nanosheet.
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II-2. Confined Phonon Modes in RGQD and Deformation Potential Hamiltonian
The long-wavelength phonon dispersion is studied by means of an elastic continuum
model, and by treating graphene nanosheet as a macroscopic 2D thin elastic sheet with
negligible thickness [7, 12, 13]. This continuum model is expected to be most accurate for
long wavelength modes; accordingly, this study focuses on the lowest order conﬁned modes
which correspond to the longest wavelength modes. The equation of motion for optical
phonon modes are applied for the relative continuous displacement U = uA − uB of a 2D
graphene sheet that are invariant under symmetry operations of the 2D graphene sheet
[7]. Within the RGQD model, the solutions
for double quantized
phonon are given in the
[
]
(
)
travelling wave form U(x, y, t) = A exp i qx x + qy y − ωt . The in-plane vibrations, u and
ν, are correlated with each other, and the in-plane vibrations, u and ν, are decoupled with
out-of-plane vibration, ω.
Since clamped boundaries conditions are assumed, the lattice displacements at the
boundaries are all equal to zero. We will have the quantization condition [16, 17] for ZZand AC edges as
qm = qx =

mq π
LZZ

and

qn = qy =

nq π
LAC

(6)

where mq and nq are integers. Thus, the dispersion curves of double quantized TO and LO
phonons in RGQD are reproduced as
(
)
(
)
T O 2 = ω2 − β 2 q2 + q2
 ωmn
TO
m
n
TO
T
(7)
(ω LO )2 = ω 2 − λ2 (q 2 + q 2 )2 + β 2 (q 2 + q 2 )
LO
mn
m
n
m
n
TO
L
The parameters (βL , βT , λ) are approximated by ﬁtting the dispersion curves of LO and TO
phonons in 2D graphite in the Γ-M direction [13] and have the values βL = 7.8 × 105 cm/s,
βT = 9.6 × 105 cm/s, and λ = 9.3 × 10−3 cm2 /s; these constants represent the longitudinal
and transverse sound speeds as well as the coeﬃcient for the ﬁrst higher order dispersion,
respectively.
To calculate electron-LO phonon scattering, ﬁrst the LO mode is normalized by the
quantum-mechanical energy principle applied to the classical elastic modes [11]; then the
optical deformation potential Hamiltonian can be determined from those normalized continuum modes [18] as
Hopt−def = D · U = |D|(u + ν)

(8)

where D, the optical phonon deformation constant, is equal to 8.89 eV/Å [19]. For LO
phonon mode, using the method in part 3 in ref. [7], we have

u(x, y) = u0 sin(qm x) sin(qn y)
(9)
ν(x, y) = − qn u sin(q x) sin(q y)
0
m
n
qm
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The quantized displacement amplitudes, u0 and ν0 are
u0 = µLO
mn sin θq

and

ν0 = −µLO
mn cos θq .

(10)

Thus the (mq , nq )-LO phonon deformation potential Hamiltonian is given as
LO
Hmn
= |D|µLO
(11)
mn (sin θq − cos θq ) sin(qm x) sin(qn y)
√
2h̄
where µLO
, θq = arctan(qm /qn ), where M = ρLZZ LAC is the total mass of
mn =
LO
M ωmn
the graphene nanosheet, and ρ ≈ 7.6 × 10−7 kg/m2 is the 2D mass density of single layer
graphene.

II-3. Electron-LO phonon scattering rates
To evaluate the conﬁned electron-phonon scattering rates, we use the deformation potential approximation and Fermi’s golden rule for the intravalley electron-phonon scattering
when considering perfect graphene quantum dots [2],
Γ{e,a} (kf , ki ) = gν

2
2π
M {e,a} ρ(E f )
h̄

(12)

where gν = 2 is the valley degeneracy degree, e and a represent emission and absorption, f
and i designate the ﬁnal and initial states, M {e,a} is the matrix element, and ρ(E f ) is the
density of ﬁnal states. The matrix element is given as
√
1 1
i f
M {e,a} (q) = Nq + ± |D|µLO
(13)
mn (sin θq − cos θq ) · Z Z A± B±
2 2
(
)
where Nq = 1 eh̄ωLO /kB T − 1 is the Bose-Einstein distribution; the upper and lower sign
stands for emission and absorption, respectively, and
(
)
sin θki + sin θkf sin θkf
sin(θki − θkf )
sin θki
i
A± = ± LZZ and B± =
−
LAC (14)
∓
2
4
kyi
4
kyf
During the electron and phonon scattering, momentum conservation is
±qx = kxi − kxf

and

± qy = kyi − kyf .

(15)

For these double quantized electron and phonon states in a perfect RGQD, the only
possibilities for conserving momentum correspond to the plus and minus signs in Eq. 15.
The energy conservation in the scattering process can be written as
√
3at f
∆ε =
(k − k i ) = ∓h̄ωLO
(16)
2
where ∆k = k f −k i : when ∆k < 0, a phonon is emitted, and ∆k > 0, a phonon is absorbed.
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FIG. 2: The lowest three energy states of RGQD with varied LZZ or M and ﬁxed LAC or N equal
(a) 8; (b) 10; (c) 12. The square, circle and up-triangle dots correspond to (1, 1), (1, 2) and (2, 1)
energy states, respectively.

III. RESULT

The lowest three energy states, (1, 1), (1, 2) and (2, 1), are considered for carrier
phonon scattering since they have the largest scattering rates. The energy states are complicated and needs to be carefully considered for each case of discrete dimensions. Figure
2 shows these energy states varied with M from 5 to 30 of ﬁxed N equal to 8, 10 and 12.
Generally, the RGQD of M = 3M0 is metallic with zero (1, 1) energy state as shown in
Figure 2. The (1, 1) and (2, 1) energy levels have the same properties for the three types of
graphene nanosheets. For metallic RGQD, the (2, 1) energy states have higher energy than
the two neighbor cases with M = 3M0 ± 1. These lowest three energy states decrease with
increasing M. For large M, the energy states of certain N approach the same value agreeing with the 1D case of graphene nanoribbon. For small M , the M = 3M0 + 1 graphene
nanosheet is of complicated energy states since it depends on both M and N : when M
is small, there exists abnormal large energy states for M equals 7 for N equals 8 and 10
and M equals 7 and 10 for N equals 12 and 10. The energy states of RGQD are quite
sensitive to the ZZ and AC edge dimensions. Even with one period changing of the length,
the electrical properties will change vastly.
Phonon bottleneck exists in general RGQD since the carrier and phonon states are
discrete and hard to be matched with each other mimic to the cases of 3D quantum dots
[20]. The RGQD with M and N equal to 8 is considered as an example, the size of which
is 1.97 nm for ZZ edge and 1.78 nm for AC edge. Figure 3(a) shows the discrete energy
levels of the electrons with certain kx and ky near the K point in the ﬁrst quadrant, where
the other three quadrants are mirror symmetry to the ﬁrst quadrant. The lowest three
energy levels are 0.317 eV for (1, 1), 0.635 eV for (2, 1), and 0.747 eV for (1, 2). With
larger M and N, i.e., longer ZZ- and AC edges, the discrete energy levels will become closer
with higher density and become quasi-continuous when M and N are large enough. The
discrete energy states of LO phonon are shown in Figure 3(b) with the maximum energy
0.196 eV of state (2, 3). Generally, the energy of the lowest few LO phonon modes are taken
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FIG. 3: (a) The carrier states and (b) LO phonon states of RGQD with M = N = 8 for zigzag and
armchair edges. The quantized wavevectors kx , ky , qx and qy are all in unit π/a.

as 0.195 eV in the long wavelength approximation. Carefully comparing the energy and
momentum diﬀerence between the two electron states in Figure 3(a) with the quantized LO
phonon states in Figure 3(b), no strictly matched electron states and LO phonon modes
can be found. Similarly do the TO phonon modes. Since the RGQD is conﬁned in all
the dimensions just like 3D quantum dots, there are no continuous wavevectors for the
2D-clamped graphene nanosheets.
To strictly satisfy the momentum conservation and energy conservation as Eq. 15 and
16, respectively, we need to carefully choose the dimensions of the RGQD. Considering the
lowest phonon mode — the (1, 1) phonon mode — which generally has the largest scattering
1
1
1
nm−2 in order
rate, the dimensions of the quantum-dot should satisfy 2 + 2 =
9.612
LAC
LZZ
to conserve energy and momentum. Considering graphene nanosheets with appropriate
scales, we calculated the scattering rates at room temperature for both phonon emission
and absorption events involving the scattering of the lowest (1, 1) LO phonon. When M
and N are 77 and 52, forward scattering is allowed with phonon emission and absorption
rates of 1.063 ps−1 and 5.23×10−3 ps−1 , respectively. At room temperature, the absorption
scattering rate is negligible for low energy carriers; while for carriers of large energy, the
LO phonon emission dominates. The emission and absorption scattering rates are very
sensitive to the length of the ZZ edge, which decreases to 1.732 × 10−3 ps−1 and 8.54 ×
10−6 ps−1 even for just one period variation from M = 77 to 76. This also elucidates
that the phonon bottleneck eﬀect generally occurs except for some special dimensions. For
backward scattering, the phonon emission and absorption scattering rates are 7.99 ps−1
and 3.93 × 10−3 ps−1 , respectively, when M and N are 26 and 17. For forward scattering,
the dimensions of ZZ and AC edges are quite large compared with the examples given in
Figures 2 and 3, which is reasonable since the sizes of the graphene nanosheet need to
be large enough so that the energy diﬀerence between two nearest energy levels becomes
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comparable to the LO phonon energy. The dimensions for backward scattering are much
smaller than those of forward scattering since they can provide larger momentum diﬀerence.

IV. DISCUSSION AND CONCLUSIONS

Phonon bottleneck eﬀects exist widely in nanostructures with all dimensional conﬁned, such as quantum dots [20–22] and short carbon nanotubes [14, 23]. Generally, the
phonon bottleneck eﬀect is predicted to exist in most cases of RGQDs due to the discrete
nature of the electron states and thus the mismatch of the electronic energy gaps with the
discrete LO phonon modes. The electron-LO phonon scattering, which usually dominates
at high temperature in carbon nanotube, can be ruled out in general RGQDs cases, thus
the total electron relaxation rates will be vastly lowered. Thus, it is expected that there will
be enhanced quasi-ballistic transport in 2D conﬁned graphene nanosheets similar to what
is found for short carbon nanotube transistors [24]. Phonon bottleneck’s another evident
is the vastly reduce of the scattering rate caused by the small variation of the dimensions
due to the picky size conditions for both energy and momentum conservations.
However, when applying our model to the real cases, we have two limits to be noticed.
First, when the scale of the graphene nanosheet is large, the energy levels become quasicontinuous. It is reasonable to question our model’s validity for such large-scale cases when
the 2D conﬁned graphene nanosheet should be treated as continuous graphene nanoribbon
or bulk sheet. Another limit is that the inﬁnite barrier assumption does not work in
real cases, which may disturb the scattering rates of these of extreme quantum limits.
Also, it is hard to testify the phonon bottleneck eﬀect discussed in the paper due to the
limitation of current fabrication technology, which is very diﬃcult to fabricate atomicsmooth-edge graphene nanostructure. In the real graphene nanostructures with rough edge,
one of the other important scattering mechanisms is the interference (IF) phonons, which
need to be especially considered for device applications with conﬁned electrodes. Also, the
edge roughness scattering [25] may be the other dominant factor, and obviously, it is not
considered in our model.
In summary, we studied double quantized electron states by eﬀective mass method
and double conﬁned optical phonon modes through elastic continuum model in RGQD.
Phonon bottleneck eﬀect is predicted to exist in most cases of RGQDs. Only the forward
and backward intravalley electron-LO phonon scatterings are allowed in certain RGQDs
with special dimensions, where the scattering rates are calculated using Fermi’s golden
rule. These calculations predict a larger backscattering rate in smaller graphene quantum
dot. It is expected that the phonon bottleneck eﬀect will vastly lower the scattering rate
due to the elimination of the electron-LO phonon scattering mechanism.
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